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Let E and F be complex Banach lattices. Then a measure of non-semicom- 
pactness p(T) is introduced for an order bounded operator T from E into F. If E* 
and F have order continuous norm then for every AM-compact operator 
p(T) = /I(T), where B(T) denotes the ball measure of non-compactness of T. From 
this result monotonicity properties of b(T) and the essential spectral radius rerr( T) 
are derived for AM-compact operators. Also shown is that ress( T)E u,,,( T) for 
positive AM-compact operators. In addition properties of the essential spectrum of 
norm bounded disjointness preserving operators are proved. ‘f’ 1988 Academic Press. 
Inc. 
INTRODUCTION 
In the present paper we study measures of non-compactness of operators 
in Banach lattices and their applications to the essential spectrum of such 
operators. There are many quantities related to bounded linear operators 
in Banach spaces which have been considered in the literature (see, e.g., 
[ 14, 22, 24, 27, 31 I), but in this paper we will be concerned mainly with 
the ball measure of non-compactness of an operator T, which will be 
denoted by fl( T) (see Section 2 for the definition). We recall that for a 
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bounded operator T in a Banach space the relation of p to the essential 
spectral radius ress( T) is given by the fomula (Nussbaum) ress( T) = 
lim n _ s [p(Y)]“‘“. There are different notions of essential spectrum of an 
operator, but all of them have the same radius (see, e.g., [9, Sect. 53; 
5, Sect. 9.81). In this paper we define cess(T) to be the complement of the 
Fredholm domain of T, i.e., the spectrum of the canonical image of Tin the 
Calkin-algebra (this is sometimes called the Wolf essential spectrum). 
There are three questions which play a central role: For which operators 
and for which Banach lattices E is it true that (a) /? is monotone, i.e., 
0 < S < T in Y(E) implies p(S) < p(T); (b) rers is monotone, i.e., 0 Q S < T 
in Y(E) implies ress(S) <r,,,(T); (c) ress(T) belongs to crss( T)? As is well 
known, if T is a positive operator in a Banach lattice, then r(T) E a(T), and 
the monotonicity of the spectral radius is evident. Furthermore, in connec- 
tion with (a) we mention that, by a theorem of P. G. Dodds and D. H. 
Fremlin [6] (see also [33, Theorem 124. lo] ), if E and E* have order 
continuous norms, then 0 < S < T in Y(E) with T compact implies that S 
is compact; i.e., in this situation p(T) = 0 implies that b(S) = 0. As we will 
see, the measure of non-compactness is monotone for certain classes of 
operators, e.g., integral operators in Banach function spaces, but in general 
it is not monotone. 
In Section 2 we introduce another measure of non-compactness, the so- 
called measure of non-semicompactness p(T), for order bounded operators 
between Banach lattices. It turns out that p(T) is a useful quantity in the 
study of p(T) and ress(T) for such operators. In fact, for AM-compact 
operators (in particular, absolute integral operators) we show that 
p(T) = p(T). Furthermore, we derive formulas for p(T), which can be used 
for the actual computation of the measure of non-compactness of certain 
integral operators. 
In Section 3 we will use p(T) for the investigation of ress( T) and oess( T). 
In particular, we show that questions (b) and (c) have affirmative answers 
for AM-compact operators. We end the paper with some results on 
disjointness preserving operators (e.g., weighted composition operators). 
Among other things, we will show that if T is a norm bounded disjointness 
preserving operator in a Banach lattice with non-atomic dual space, then 
B(T) 2 l/2 II T/I, red T) = 4 T), and 4 T) E aess( 0. 
Our results extend results of L. Weis, who studied measures of noncom- 
pactness and related quantities of operators on &-spaces in [31]. 
1. PRELIMINARIES 
We assume that the reader has some familiarity with the terminology 
and theory of Banach lattices, as can be found in the books [19, 26, 333. 
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All Banach lattices E considered are assumed to be complex, i.e., 
E = Re E 0 i Re E, the complexification of a real Banach lattice Re E. The 
absolute value in Re E is extended to E by means of the formula 
(z( = sup{ (cos 13) x + (sin 0) y: 0 < 0 < 27c}, where z = x + iy with x, y E Re E 
(see, e.g., [33, Sect. 91]), and the norm in E satisfies llzll = I/ 121 II for all 
iEE.ForanyO<uEEwewilldenote [-u,u]c={~~E:~z~<u}. 
Given fE E, the principal ideal Ef= {i E E: 1.~1 < n IfI for some n E N} is, 
by the Yosida representation theorem ([ 19, Theorem 45.4]), isomorphic to 
a space C(K) of all complex valued continuous functions on a compact 
Hausdorff space K, such that the element IfI corresponds to the function 1. 
The multiplication by f in C(K) now induces a corresponding operator in 
Ef, which will be denoted by g.P Then cAlfI) =f and Ior( = lgl for all 
gE Ep Note that ore Z(Ef), the center of Ef, and loh = I (for the definition 
of the center Z(Ef) see [33, Chap. 203 or [ 171). In general, (T,. cannot be 
extended to the whole space E. If E is Dedekind complete, however, then O, 
can be extended to an element of the center Z(E) of E (with absolute value 
equal to I). 
2. THE MEASURE OF NON-SEMICOMPACTNESS 
In this section we study a quantity for order bounded operators on 
Banach lattices, which turns out to be useful in the study of measures of 
non-compactness of positive operators. As before, let E = Re E 0 i Re E be 
a complex Banach lattice. 
Recall that the subset D of E is called almost order bounded if for every 
E > 0 there exists 0 < u E E such that I( (IfI - u)+ 11 6 E for all f~ D (see [33, 
Sect. 1221). It should be observed that /I( IfI - u) + II < E for all f~ D if and 
only if D~[-u,u]~+cB~. Indeed, if DE[-u,u],+~B~ and ~-ED, 
then f=fi+fi with I.f,l<u and llfill~~l so Il(lfl-~)+ll~ll(lfil+ 
Ifi1 - u)+ II < Il(lfil -u)’ II + llfill = IlfA GE. Convemly, assume that 
I\( IfI -u)+ (I <E for all fe D, and take LIZ D. Let O/E Z(E,) be such that 
la,-1 =I and ~f(lfl)=f: Then f=~.f(lfl)=~f/(lfl * u)+~~((lfl -u)+h 
with Ial-(IfI A u)l 6 I.fl A u < u, so ar(lfl A u) E [-u,ulc, and 
Ilar(lfl-u)‘lI~Il(lfl-u)+l16~, so Q~(I~I-u)+EEB~. For a norm 
bounded set D c E we define 
p(D)=inf{6>0:3 O<u~Esuchthat \l(lfl--u)‘Il<6 forallfoD}. 
From the above observations it is clear that 
p(D) = inf{ 6 > 0: 3 0 < u E E such that D c [ -u, u] c + 6B,}. 
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We list some simple properties of p. If D, D,, D, are norm bounded 
subsets of E, then 
(i) p(D) = 0 if and only if D is almost order bounded; 
(ii) p(D,+D,)<p(D,)+p(D,) and p(AD)= )A[ p(D) for all AEC; 
(iii) if D, E Dz, then p(D,) <p(D,); 
(iv) p(D) = p(D), where 4 denotes the norm closure of D. 
Remark. Let E be a Banach lattice and, as before, B,= 
(fe E: llfll G 1). W e assert that p(B,) < 1 if and only if there exists an 
order unit 0 < u E E and the norm in E is equivalent to the order unit norm 
I(. (( “. Indeed, suppose p(B,) < 6 < 1, then there exists 0 < u E E such that 
B,c[-u,u].+SB,. Now it follows that B,G[-u,u]~+~[--u,u]~+ 
... +a”[-~, ulC+b”+‘BE, and hence 
Letting n + cc we get B, G (1 - 6) - ‘[ -u, u],, and the result follows. We 
note that thus p(B,) = 0 or 1. 
Recall that for a norm bounded subset D of E the ball measure of non- 
compactness is defined by 
/3(D) = inf 
i 
6 > 0: 3f,, . . . . f, E E such that D E fi B(f;, 6) 
j= I 1 
(see, e.g., [S, Sect. 7.31). Since DE Q’=, B(f;, 6) implies that 
Il(lfl-u)+ll ~6 for all fED, with u=sup(If,l,..., If,l), it is clear that 
p(D) < /3(D). Next we will show that for a certain class of subsets D of a 
Banach lattice E the equality p(D) = B(D) holds. For any 0~4~ E* we 
define the Riesz seminorm p4 on E by p+(f) = (IfI, 4). Furthermore, for 
feEand .s>O we denote B&E)= {gEE:pg(f-g),<&}. The set DGEis 
called PL-compact if for every 0 ~4 E E* and every E >O there exist 
fi, . . ..f. E E such that 
(see [6, Definition 4.11). Observe that D is PL-compact if and only if D is 
p,-precompact for every 0 < 4 E E* ([33, Definition 124.71). 
PROPOSITION 2.1. Let E be a complex Banach lattice with order 
continuous norm and let D be a PL-compact subset of E. Then p(D) = p(D). 
Proof Since E is Dedekind complete, there exists for every .fe E a 
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unique ORE Z(E) such that T~( IfI ) =fand lo/-l = I. First observe that, forf, 
gEEandO<uEEwehave 
b,(lfl A u)-a,(Igl * u)l G If-d. 
To prove this inequality, represent he principal ideal in E generated by 
IfI + lgl by way of the Yosida representation theorem, as the space of 
complex continuous functions on a compact Hausdorff space. Now the 
above inequality is an immediate consequence of the inequality 
I(sgn 2) min( 121, a) - (sgn w) min( Irvl, a)1 d Iz - IVI 
for z, M’ E C and 0 <a E R, where sgn z = z Irl-’ if z # 0 and sgn(0) = 1. 
For the proof of the proposition, take 6 > p(D). Then there exists 
O<ueE such that Il(lfl-u)+\1<6 for all feD. Take E>O. Since E 
has order continuous norm, there exists O<~E E* such that 
(u, (I$1 -~)+)QE for all $eBE. (see [33, Theorem 152.21). Since D is 
PL-compact, there exist f, . . . . f,,e E such that DG UJ’,, B&f,, E). Let 
Sjzaf,(lfil * u). Take fE D and jj such that (If--1;l,c$) GE. For 
O<+E B,. we then have 
~If~~jl~~~~~l”~~lfl~u~+I~Il/~+~la~~lfl A”)-gjlv$) 
~Il(lfl-“)+Il+(laJ”(lfl A”)-8jl,1(/) 
G6+ (la/41fl * u)-&?jlv +>. 
Furthermore, using the above inequality, we find 
G (la/(lf I * u)-gjl, Ic/ A 4) + (l”/41f I A u)-gj19 (lb+1 -$I+> 
6 (If-fil,~>+2(u,(I~I-~)+)~3&. 
Hence ( If - gjl, + ) 6 b + 3~ for all 0 < II/ E B,. , so )I f - g,ll < 6 + 3a, which 
shows that 
DG ij B(g,,6+3&). 
j= 1 
Since this holds for all E > 0 and all 6 > p(D), we conclude that 
b(D) 6 p(D). As observed before, p(D) < p(D) always holds, and so the 
proposition is completely proved. i 
Now suppose that E and F are complex Banach lattices. The space of 
order bounded linear operators from E into F will be denoted by Yb(E, F), 
which is a linear subspace of the space Y(E, F) of all norm bounded linear 
36 DE PAGTER AND SCHEP 
operators. Recall that the operator TE 6ph(E, F) is called semi-compact if T 
maps norm bounded sets onto almost order bounded sets (see [33, 
Sect. 1251). 
DEFINITION 2.2. For TE Yb(E, F) the measure of non-semicompactness 
is defined by 
p( T) = inf{ k 2 0: p( TD) < kp( D) for all norm bounded D E E}. 
We list some simple properties of p. If TE Yb(E, F), then 
(i) p(TD) d p(T) p(D) for all norm bounded DEE; 
(ii) p(T) = 0 if and only if T is semi-compact; 
(iii) p(T)< IITII; 
(iv) p is a semi-norm on L$( E, F); 
(v) AT)=p(TB,); 
(vi) if O<s< Tin B(EF), then p(S)<p(T). 
We indicate the proof of (v) and (vi). Since p( TB,) 6 p(T) p(B,), it is clear 
that p( TB,) < p(T). Now take a norm bounded set D s E and ~5 > p(D). 
Then there exists 0 <<YE such that DE C-u, ulC + 6B,, so that 
TD E T[ -u, ulC + 6TB,. Since T is order bounded, p( T[ -u, ulc) = 0, 
hence p(TD)<dp(TB,). This holds for all 6 > p(D), so p(TD)< 
p( TB,) p(D), which shows that p(T) < p( TB,). 
For the proof of (vi), suppose that 0 f S < T: E + F and take 6 > p(T). 
Then there exists 0 < M’ E F such that 11 (Tlfl - ~j) + )I < 6 for all f E Be. Now 
it follows from Il(l5”l -%v)+/) < II(Tlfl -IV)+(~ for all fEB,, that 
p(S) = p(SB,) G 6, and hence p(S) < p(T). 
For any TE Y(E, F) we denote by /I(T) the ball measure of noncom- 
pactness of T (see, e.g., [S, Sect. 9.7]), i.e., 
P(T) = inf{k 2 0: j?(TD) d k/?(D) for all norm bounded D E E}. 
Since B(T) = /3( TB,), it is evident that p( T) < p(T) for all TE ,Ep*(E, F). We 
will show that p(T) = /?(T) holds for some important classes of operators. 
First, however, we will derive some formulas for p(T), which are useful for 
the computation of p(T) (cf. Example 2.8). 
THEOREM 2.3. Let E and F be complex Banach lattices such that E* and 
F have order continuous norms. For any TE &(E, F) we have 
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p(T) = Sup{ lim II Tfnll: {fn}cc, disjoint sequence in BE} n - s 
= SUP{ i6 I( P, Tll: {P,}:=, bandprojections in F, P, 1 O> 
n + ,x, 
=sup( lim I(Tf,~,z)I: (f,i};z, and {dn},“=, disjoint 
n-r 
sequences in B, and B,. , respectively >. 
Moreover, if E has in addition the principal projection property, then 
P(T)=suP { 5 llP,TQ,ll: {P,},“_l and {Q,,}Fzl bandprojections in n-r 
F and E, respectively, P, JO and Qn 1 O}. 
The proof of the above theorem is patterned on the proofs of 
Theorems 127.4 and 128.3 in [33], but there are many differences. Before 
proving the above result we recall the following facts which will be used. If 
E is a (complex) Banach lattice, then 
(i) E has order continuous norm if and only if for every 0 <u E E 
andforeverys>OthereexistsO<$EE*suchthat (u,((+(-$)+)<sfor 
all Ic/ E B,. [33., Theorem 125.23; 
(ii) E* has order continuous norm if and only if for every 0 < 4 E E* 
for every E >O there exists 0 61.4~ E such that ((fl -u)+, 4) <s for all 
f~ B, [33, Theorem 125.11; 
(iii) E* has order continuous norm if and only if every norm boun- 
ded disjoint sequence in E converges weakly to zero [33, Theorem 116.11. 
Furthermore, we will use the following result, which was inspired by 
Lemma 4.4 of [21]. 
LEMMA 2.4. Let E be a Banach lattice and suppose 0 d u, E E(n = 1, 2, . ..) 
such that u, + 0 weakly. Then there exists a subsequence { u,,~}F=, and a dis- 7 
joint sequence ($k}pC I in B$ such that hmk,, (u,,~, dk) =fi,,,x, I(u,,I(. 
Proof: For n = 1, 2, . . . there exists O<+,,EB~- such that 
(u,, +,) > (1 - 2-“) /Iu,(I. We define the sequence (nkjFZ r inductively as 
follows. Take n, = 1. Now assume that n, < n, < . . . < nk- , have been 
defined. Since u, -+ 0 weakly, there exists nk > nk- , such that 
(unil, 2&f+,, + ... + $,,_,)> ~2~~ and lIu,,II 8(1-2-k)61+, IIu,II. 
Now define 
i*=(*“,-2*k&n,- f 2pJILn,)+. 
j= I J=k+l 
38 DE PAGTER AND SCHEP 
Since 0 < bk < $,, and $,, E BE*, it is clear that dk E B,. . Furthermore, if 
k<m, then O<~k<($,,,-2~“~.m)+ and 0<4,,<($,,-2”‘$,,,)+ = 
2’“($,, - 2 -“‘$,I,) -, so { 4,}r=, is a disjoint sequence. Moreover, 
(u,p 4k) 2 <Unk? II/,,> - ( unk’ 2k kf h) - ( unk’ f 
.j= I ./=k+l 
2-j*“,) 
>(1-2-“k) IIunkl( -2Pk+’ >(1-2-k)2 KG (Iu,(I -2Pk+‘, 
n - %I 
which shows that limk, 35 (u,~, $6k) a&,, r ll~,,ll. The converse 
inequality being trivial, the lemma is proved. 1 
Proof of Theorem 2.3. For the sake of convenience, we call the suprema 
on the right hand side A, B, C, and D, respectively. We show first that 
p(T)=A=B=C. It is clear that CdA. 
Claim. C < B. Indeed, suppose that {f,};= , c B, and {dn};: I E B, 
are disjoint sequences. Let N(d,) = { gE F: (Jg(, 14,, ) = 0}, the null ideal 
of dm and C(4,)=N(4,)d, the carrier of 4, (see [33, Sect. 901). Then 
F= N(d,)@C(d,) and C(d,,) I C(d,) for n #m (note that F*= F,*, as F 
has order continuous norm). Let R, be the band projection in F onto 
C(d,), and let P, = Vrzn R, (n = 1, 2, . ..). Now it is easy to see that P, 10, 
and since I < Tf”, 4, > I = I ( P, Tf,,. d, ) I d II P, T/I, we may conclude that 
Cd B. 
Claim. A <p(T). Let (fn}zz 1 be a disjoint sequence in B, and take 
S > p(T). Then there exists 0 d U’E F such that (/(I Tf I - w) + )I d 6 for all 
fE B,. Take E > 0. Since F has order continuous norm, there exists 
O<~EF* such that (w,(I$l-~)‘)GE for all $EB,.. Now, if $EB~., 
then 
I~~f~~1cI>I~~l~f~l~I~I>=~~I~f~l-~~~+~III/I> 
+ (ITf,,l A ‘I’, (Iti1 -4)‘) + <IT’fnl A M’, Iti1 * d> 
~~+(,~,(I~I-~)+>+(ITl (Ifnl)>d> 
G~+E+ (ITI (If,lh$), 
and therefore (I Tf”ll < 6 + E + (I TI (I f,I), cj) for all n = 1, 2, . . . . It follows 
from the order continuity of the norm in E*, that I f,,l + 0 (weakly), and 
hence ITI (If,l)-0 (weakly) in F, so in particular (ITI (lf,I), 4) +O as 
n + 00, and therefore lim,,, I )I rfn,ll d 6 + E. This holds for all E > 0 and all 
d>p(T), so li;i;,,, II Tfnl\ < p(T), which shows that A < p(T). 
Claim. B<p(T). Let {P,},“,l b e a sequence of band projections in F 
such that P, JO. Take 6 > p(T) and E > 0. Then there exists 0 < w E F such 
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that II( I7J-1 - )v)+ II < 6 for all f~ B,. Since F has order continuous norm, 
there exists OGcptzF* such that (t~,(IIl/l-d)‘)<c for all $EB~. For 
,f‘E B, and e E B,. we have 
and hence Ij P, TI( d 6 + E + (P, )v, 4) for all n = 1,2, . . . . Since F has order 
continuous norm, P, JO implies that (P, MJ,~) J. 0 as n -+ c%, and so 
GE,,, l(P,,T(( < 6 + E. This holds for all E > 0 and all 6 > p( T), so 
lim,,, j) P, T11 d p(T), and hence B d p(T). 
Claim. p(T) ,< C. We may assume that p(T) > 0. As before, for f’E E we 
denote by 4, the unique element in Z(E,-) with ot( IfI) =f and Iof) = I. If 
fEEandOfucE, then 
Tf= Uq(Ifl A u)l+ TCo,4Ifl -u)‘l, 
and so 
Therefore, if there exists 0 Q u E E such that \I T[u-J If) - U) + ] 1) 6 b for all 
f E BE, then p(T) d 6. 
Now take 0 < 6 <p(T). By the above observations, for any 0 6 UE E 
there exists f~ B, such that 1)Tl:o.J IfI - u)+]\\ > 6. Define the sequence 
{fn):= 1 in B, inductively as follows. Take fi E B, such that 1) rfil\ > S. 
Now assume that f,, . . . . f, , (n > 2) have been defined. Take f, 8 B, such 
that 
,* - I
lfnl -2” 1 lfA + > 6. 
k=l > III 
Define 
for n = 1, 2 . . . . Since \ g,( d L/J, it is clear that g,E B,, and it follows from 
Ig,I G(if+,l -2”%;j IfA -CF;=,,+, 2-k Ifkl)’ that {g,};=, is a disjoint 
sequence (cf. the proof of Lemma 2.3). Now 
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Furthermore 
and so 
Therefore I( Tg,,II 2 6 - 2 pn II TI( r (n = 1, 2, . . ), so lim,, _ ,~ I/ Tg,I( 2 6. Since 
{g,},“, , is a disjoint sequence in B,, and since E* has order continuous 
norm, we have Jg,l + 0 (weakly) and hence I Tg,( --, 0 (weakly) in F. Now 
it follows from Lemma 2.3 that there exists a subsequence { g,,}T= 1 and a 
disjoint sequence {dk}pz i in B,f. such that 
Now let nk E Z(F) be such that zk( ( TgntI ) = Tgnk and InkI = 1, and define 
$k= nzdk (k= 1,2, . ..). Then {$k}F=, is a disjoint sequence in B,. and 
<Tgnp, $k) = <lTgn,l, dkh so limk- x I ( Tg,k, $k) I B 6. This shows that 
C>6 for all O<ii<p(T), hence Cap(T). 
We thus have shown that p(T) = A = B = C. Now assume in addition 
that E has the principal projection property. It is clear that D < B. Using 
an argument similar to the first part of the present proof, it is not difficult 
to show that Cd D, and we conclude that D = p(T). 1 
We end this section by showing that there is an interesting class of 
operators T for which p(T) = B( T) holds (other types of operators for 
which such an equality holds will be discussed in the next section). Recall 
that, if E and F are Banach lattices, then the operator T from E into F is 
called AM-compact if T maps order bounded sets onto relatively compact 
sets (equivalently, T maps almost order bounded sets onto relatively com- 
pact sets; see [33, Sect. 1231). We note already that if E and Fare Banach 
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function spaces (F with order continuous norm), then any absolute integral 
operator from E into is AM-compact. 
THEOREM 2.5. Let E and F be complex Banach lattices such that E* and 
F have order continuous norms. If TE ..C$(E, F) is AM-compact, then 
~(T)=P(T). 
Proof Take any 0 < 4 E F* and let $ = 1 TI * 4. Take E > 0. Since E* has 
order continuous norm, there exists 0 < u E E such that (( 1 f 1 - u)+, Ic/ ) 6 E 
for all f tz B,, or, equivalently, B, E [ - u, u] c + EBB., where B, = 
ifEE: (IfI, ti> GE) (see the beginning of this section). Now it follows 
from TB, c B, that TB,z T( [ -u, ulc) + EBB. Since T is AM-compact, 
T( [ -u, u]=) is relatively compact, and hence TB, can be covered with 
finitely many &balls of radius 2~. This shows that TB, is PL-compact, 
and so Proposition 2.1 implies that fl( TB,) = p( TB,). Therefore /I(T) = 
B(TB,)=P(TB,)=P(T). I 
Combined with the properties of p, the above theorem immediately 
yields the following monotonicity result for p. 
COROLLARY 2.6. Let E and F be complex Banach lattices such that E* 
and F have order continuous norms. If S, TE 6pb(E, F) are such that 
0 < S d T, and if S is AM-compact, then b(S) < /3(T). 
Proof Since S is AM-compact, it follows from the above theorem that 
p(S) = p(S). Furthermore, as observed earlier, 0 < S < T implies that 
p(S) <p(T), and the inequality p(T) < /3(T) always holds. A combination 
of these inequalities shows that j(S) G p(T). 1 
It should be observed that if we replace in the above corollary the 
assumption that S is AM-compact by the AM-compactness of T, then 
/3(S) <p(T) holds as well. Indeed, in that case the AM-compactness of T 
implies that S is likewise AM-compact, as F has order continuous norm 
(see, e.g., [33, Theorem 123.41). In the next section we will show, by way 
of an example, that the AM-compactness of S in the above corollary 
cannot be omitted. 
A combination of Theorems 2.5 and 2.3 yields formulas for p(T) of 
AM-compact operators. Next we will single out this result for integral 
operators between Banach function spaces. We recall some of the relevant 
notions. Let (Y, A, v) be a o-finite measure space and denote by L,( Y, v) 
the space of all complex valued v-measurable functions on Y (with the 
usual identification mod v). A Banach lattice E is called a Banach function 
space on ( Y, A, v) if E is an ideal of measurable functions in L,( Y, v), 
which is a Banach space with respect to a function norm (see [33, 
Sect. 1121). Now assume that E and F are Banach function spaces on 
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( Y, ,4, v) and (X, 2, p), respectively. The operator T: E -+ F is called an 
integral operator if there exists a p x v-measurable function T(x, y) on 
Xx Y such that 
(VI-~) = 5 T(-y, ) )f(y) TV p-a.e. 
Y 
for all f E E. Furthermore, T is called an absolute integral operator if 
JT(x, y)] defines an integral operator from E into F (see [33, Sect. 931). If 
F has order continuous norm, then any absolute integral operator from E 
into F is AM-compact [33, Theorem 123.91. Furthermore, if the norm in F 
is order continuous, then the Banach dual P can be identified with the 
associate space F of F; i.e., for every Ic/ E F* there exists a (unique) 
gE Z-.,(X, p) such that (f, $ ) = s fg dp for all f E F. For a measurable set A, 
we denote by x.4 the operator defined by multiplication with the charac- 
teristic function of A. From Theorems 2.3 and 2.5 we obtain the following 
result. 
COROLLARY 2.7. Let E and F be Banach function spaces on ( Y, A, v) and 
(X, Z, ,u), respectively, such that E* and F have order continuous norms. lf T 
is an absolute integral operator from E into F, then 
/I(T) = SUP{~@, II TfJ: {f,}::, disjoint sequence in E with II f,ll G 1 ) 
(Tfn,)g,h : {fnkL and ( g, } ,“= , disjoint sequences in 
E and F’, respectively, II frill d 1, II g,l/ ’ < I 
I 
=sup{ lim Il~~,Tll: A,,E& A,,101 
n-r 
=sup{ lim 11~~” TXenll: A,EE, A.lIZ(andB,,EA, B,10}. 
n-30 
For the case that E= Lp( Y, v) and F= L,(X, p) (1 <p < co) the above 
formulas were obtained by L. Weis [31, Theorem 4.33. In the next example 
we will illustrate how these formulas can be used to compute the measure 
of non-compactness of a certain type of integral operator. 
EXAMPLE 2.8. Let 1 <p <q d co, and -CC G a <b < co. Suppose that u 
and v are complex valued Lebesgue measurable functions on (a, b), and 
define for f E L,(a, 6) 
(Tf)(x)=u(x)IIv(y)f(~)dy a.e. on (a, 6); 
lz 
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i.e., T is a weighted Volterra operator. We assume that u E L&c, b) and 
tl~L,.(a,c) for all a<c<@l/p+l/p’= 1). For a<c<d<b define 
Then T is a bounded operator from L,(a, 6) into L,(a, b) if and only if 
K(a, 6) < cci, and then K(a, 6) < 11 TII G A(p, q) K(a, b), where A(p, q) = 
min(p’iP(p’)“P’, (q’)l/p’q’.iq) (see [3, 301). In particular, if u~L,(a, 6) and 
DE L,.(a, b), then T is bounded with 11 TII d A(p, q) IIvI/,~ llullq, and hence, if 
1 <p < q < a then IIx~, TII + 0 as A, 10, so that T is compact in this case 
(see, e.g., [33, Sect. 1281; this follows, of course, also from the above 
corollary). From now on we assume that 1 <p 6 q< m. Now for any 
a<c<d<b we have 
T= X[r.d]‘Tif[c.d]‘+ xCd.61 TX[c.d] + X[c.d]TX[a.d]. 
The last two operators in this expression are now weighted Volterra 
operators with weights in L,(a, 6) and L,,(a, b), respectively, so that, by 
the above observation, these operators are compact. Hence 
B(T) = b(x[c.d,C TXCc,dy) d IhCc,d,‘TX~c,d,cIi 
d A(P, q) max{K(a, c), K(d, b)}. 
Therefore, with K=max{lim,,. K(a, c), limdt, K(d, b)), we get 
p(T) < A(p, q) K. On the other hand, by the above corollary 
Considering the sets A, = (a, c,) u (d,,, b), with c, 1 a and d, r b, we obtain 
KGB(T)GA(p,q)K. 
This reproves, essentially the main result of R. K. Juberg [ 111. Our 
approach is similar to Weis’ approach [31], who dealt with the case p = q, 
reproving an earlier result of Juberg [lo]. 
3. THE ESSENTIAL SPECTRUM 
In this section we will show that the essential spectrum of AM-compact 
operators and disjointness preserving operators has special properties. The 
main tools we use are the measures of non-compactness and of non- 
semicompactness. First recall some of the relevant facts. If E is a complex 
Banach space, and TEL?(E), then we denote, as usual, the spectrum by 
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a(T) and the spectral radius by r(T). The Fredholm domain of TE Y(E) is 
defined by 
Qr = {A E C: II - T is a Fredholm operator } 
(see, e.g., [9,29]). The set C\@, will be called the (Wolf) essential spec- 
trum of T, and is denoted by cesr( T). The essential spectrum of T is equal 
to the spectrum of the canonical image of T in the Calkin algebra 
%7(E) = Z(E)/.%(E), where X(E) denotes the ideal of compact operators 
in E. In particular, B,,,(T) # Qr when dim E = cc. Throughout this section 
we will assume that E is infinite dimensional. The essential spectral radius 
of T is defined by ress( T) = sup{ 111: 1E (T,,,(T)}. Clearly, (T,,,(T) G c(T) and 
ress(T) < r(T). The relation between ress( T) and the measures of non- 
compactness was noticed by R. D. Nussbaum [22], who proved that 
ress( T) = lim [B( T”)] “n 
n - x 
(see also [S, Sect. 9.81). 
It is now an immediate consequence of Corollary 2.6 that, if E is a 
Banach lattice with order continuous norms in E and E*, and if 0 < S < T 
in 9’(E) with S AM-compact, then Tess(S) < ress( T). We will show next that 
this result holds without any conditions on the norms in E and E*. 
LEMMA 3.1. Let E, F, and G be complex Banach lattices and suppose 
that S, E pb(E, F), S, E Yb(F, G) and that Sz is AM-compact. Then 
P(S*S,) G P(Sl) B(S2). 
Proof: For 6 >p(S,) there exists 0 < UE F such that S, B,s 
C-u, ulc+bB,, and so S2S,BE&SZ([-u,ulC)+8SZBF. By the 
AM-compactness of Sz we have /I(S,[ -u, ulc)=O, hence 
fl(S,S,) = fi(S,S, BE) < Sp(S, BF) = 6/3(S,). This holds for all 6 > p(S,), so 
P(S*S,)~P(S,)B(S*). I 
THEOREM 3.2. Let E be a complex Banach lattice and suppose that 
S, T&f’(E) such that 0 < S< T and S is AM-compact. Then 
ress(S) G ress(T). 
Proof: It follows from the above lemma that /?(S*) < p(S) /I(S), and, as 
observed in the previous section, 0 < S < T implies that p(S) < p(T). Hence 
B(S’) G P(S) B(S) s 14 T) B(S) G DC T) B(S). 
Applying this to 0 < S” < T” we find that 
/?(SZn)lin < fl( T”)I’” fl(S”)‘,‘” (n = 1, 2, . ..). 
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and so r,,,(S*) < ress( T) ress(S). Furthermore, r,,,(S*) = re,,(S)* (e.g., by the 
spectral mapping theorem in the Calkin algebra), hence 
ress(W G red0 I 
In Example 3.7 we will show that the AM-compactness of S in the above 
theorem cannot be omitted. In connection with the above result we note 
that if E has order continuous norm and if 0 < S< T in 9’(E) with T 
AM-compact, then S is likewise AM-compact (see [33, Theorem 123.41). 
As is well known, if T is a positive operator on a Banach lattice, then 
~(T)Ec(T) (see, e.g., [26, V.4.11 or [33, Lemma 135.11). It is natural 
question to ask whether an analogous result is valid for the essential spec- 
trum of positive operators. As we will see in Example 3.7, in general 
ress( T) $ r~,,,( T). For certain classes of positive operators, however, the 
question has an affirmative answer. The next proposition shows that there 
is a connection with the monotonicity of the essential spectral radius. 
PROPOSITION 3.3. Let E be a complex Banach lattice and assume that 
0 < SE Y(E) is such that 0 < S” < T in Y(E) implies that r,,,(Y) 6 ress( T) 
for all n = 1, 2, . . . . Then ress(S) E gess(S). 
Proof Without loss of generality we assume that ress(S) = 1. Suppose 
that cess(S) E {z E C: Re 2 < u} for some a E R. Now consider the operators 
e IS, t 2 0. By the spectral mapping theorem (in the Calkin algebra) 
geSS(efS) = e’ness’S’g {?E C: 1~1 <e”) 
and hence r,,,(erS) 6 erz for all t > 0. On the other hand 
for all n = 1, 2, . . . and all t > 0, so by hypothesis 
r ess 
( > 
C s” < r,SS(e’S). 
n! 
Since ress( tn/n! ) Y) = (Y/n! ) ress( S)” = P/n!, we get 0 < (Y/n! ) < e”’ for all 
n = 1, 2, . . . and all t 2 0. Substituting t = n/a, it follows from Stirling’s 
formula that o! 2 1, and we may conclude that Tess(S) Eb,,,(S). 1 
Combining the above proposition with Theorem 3.2, we obtain the 
following result. 
THEOREM 3.4. If E is a complex Banach lattice, then ress( T) E oess( T) for 
any positive AM-compact operator T in E. 
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Remark 3.5. In connection with the above result we note that the 
essential spectrum of AM-compact operators has another special property. 
If E is a complex Banach lattice without atoms, then OE cress(T) for any 
AM-compact operator T in E. Indeed, if O$ cr,,,( T), then there exist 
SE Y(E) and a compact K E Y(E) such that Z= ST + K, and hence Z maps 
order bounded sets onto relatively compact sets. This implies that order 
intervals in E are compact, with is impossible since E is non-atomic (see, 
e.g., [2, Theorem 21.123). 
In the next corollary we specialize the above theorem to integral 
operators on Banach function spaces. 
COROLLARY 3.6. Let E be a Banach function space on (X, Z’, p) Cth 
order continuous norm. 
(i) If 0 6 S< T in Y(E), and if S is an integral operator, then 
r,,,(S) 6 ress( 0
(ii) If T is a positive integral operator in E, then ress( T) E oess( T). 
Independently, and by different methods, part (ii) of the above corollary 
in the case E = LP( 1 <p < cc ) was obtained by L. Weis (oral com- 
munication), and part (i) was proved by V. Caselles [4, Theorem 4.21 in 
the special case that E is a reflexive rearrangement invariant Banach 
function space. Furthermore we mention that the essential spectrum of 
operators in L,-spaces has been studied by L. Weis and M Wolff in [32], 
proving, among other results, that ress( T) belongs to cess( T) for any 
positive operator in L,. 
EXAMPLE 3.7. In this example we will show that the AM-compactness 
in the above results cannot be dropped. Let A = { - 1, 1) N be the Cantor 
group, with Haar measure 1. For n = 1,2, . . . let the probability measures p, 
on {-l,l} bedefinedby~,,({1})=a,,~,,((-1})=1-a,withO<a,<1, 
and let p = @z=, p, be the corresponding product measure on A (note that 
for the choice a, = l/2 for all n we have p = A). By a theorem of 
S. Kakutani [ 123, the measure p is either absolutely continuous or singular 
with respect o A, according as the series x:,“=, (201, - 1)’ is convergent or 
divergent. As usual, the Rademacher functions { r,}zcO on A are defined by 
rO= 1 and rn(t,, t,, . ..) = t, (n 2 l), and for each finite subset 
FG (0, 1, 2, . ..} the corresponding Walsh function on A is defined by 
M’F= rI n E F r,, (see, e.g., [7, Sect. 14.11). The Walsh functions constitute an 
orthonormal basis in E = L,(A; 1). For any product measure p = @z=, p, 
the convolution operator T, in E is defined by T, f = ,u *f: Then 
TP~fF = n,, F (2cr, - 1) . wF for any Walsh function wF. Furthermore we 
note that T, is an integral operator if and only if p << 1 (see [25]). Using 
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that T,, is a diagonal operator with respect o the Walsh functions, it is not 
difficult to show that 
/3(T,)=F fl 12x,- 11 = lim I2a,,- 11. 
?lEF rr + x 
Now let ~1 be the product measure on A corresponding to the particular 
choice cx,, = l/3 for all n. It is easy to verify that aess( T,,) = 
{ - l/3, l/9, - l/27, . ..) u CO}, so ress( T,) = l/3 and ress( T,) 4 oess( T,). Let v 
be the product measure on A corresponding to the choice E, = 2/3 for all n, 
and consider T, + T,,, which is diagonal as well. It is readily seen that 
oCss(TU+ T,.)= {2/9, 2/81, . ..} u {O), so ress( T,, + T,,) = 2/9. We thus have 
0 6 T, d T, + T,, and ress( T,, + T,) < ress( T,). Moreover, fl( T,,) = l/3 and 
/I( T, + T,,) = 2/9. 
Next we will discuss another class of operators in Banach lattices for 
which the measures of non-compactness and the essential spectrum have 
special properties. We start with a lemma, in which we compute the ball 
measure of non-compactness of order intervals in certain Banach lattices. 
For a Banach lattice E we denote, as usual, the space of order continuous 
linear functionals on E by Ez. 
LEMMA 3.8. Let E be a Dedekind complete non-atomic complex Banach 
lattice such that llfll = sup{ (IfI, 4): 064~ E,*, 1lq511 = ) for allfE E. Then 
p([-u,~]~)=I(ul( forallO6uEE. 
Proof Without loss of generality, we may restrict ourselves to the case 
that E is real. Take S>/?([-u,u]) and S>S’>fl([-u,u]). Given E>O 
there exists 0 6 4 E E,*, I)& = 1, such that (u, 4) > Ilull -E. By the choice 
of 6’, there exist f ;, . . . . fie E such that [ -u, u] E tJ;=, B( f;, S’), and we 
may assume that f ', , . . . . f 1 E [ -u, u]. N ow it follows from the Freudenthal 
spectral theorem [19, Theorem 40.21 that there exist disjoint elements 
UI 3 “., u, in E such that x,“= I u, = u, and real numbers {aii: 1 6 id n, 
1 <j< m} in [ - 1, l] such that the elements 
fl= f “ip, (i= 1, . . . . n) 
/=I 
satisfy C-U, u] c U:=, B(fi, 6). Since E is non-atomic and 0 < 4~ E,*, 
there exist for each i = 1, . . . . m disjoint elements ujl, ujz E E such that 
uj=uj,+ujzand (uj,,~)=(u,~,~)=1/2(u,q5).Nowdefine 
g= 2 ("~jl-ujZ)~ 
j= I 
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Since g E [ -u, u], there exists an f, such that 1) g-J.11 < 6. Using that the 
elements {ujk} are mutually disjoint we get 
(lg-.Ll94)= f ((l-aii)UjI+(l+aij)uj,,~> 
j=l 
= f (Uj,~)=(U,~)~llUll-E, 
j= I 
and hence 6 2 /lull - E. This holds for all b > B( [ -u, u]) and all E > 0, so 
/3::3~ “:) 2 IIuJ(. The converse inequality being obvious, the lemma is 
Recall that the positive linear operator T from Banach lattice E into 
Banach lattice F is called a Muharam operaror (or interval preserving) if 
T[O, u] = [0, Tu] for all 0 < UE E [ 18, 171. The next proposition follows 
immediately from the above lemma. 
PROPOSITION 3.9. Let E and F be complex Bunuch lattices, with F 
Dedekind complete and non-atomic, and such that II f II = sup{ ( If I,q5): 0 < 
4 E E,*, 11~11 < 1 } for all f E F. If 0 ,< T: E + F is a Muhurum operator, then 
P(T) = II TII. 
ProoJ We may restrict ourselves to real spaces. Given E > 0, there exists 
0 <ME E such that Ilull = 1 and IITull 2 )I TII -c. Since [ - Tu, Tu] = 
T[ -u, u] G TB,, we have /3( [ - Tu, Tu]) 6 p( TB,) = B(T). By the above 
lemma, /?( [ - Tu, Tu]) = II Tul(, so p(T) > II TII -6. This shows that 
P(T) 2 II Tll, and hence P(T) = II TII. I 
By means of duality, we will apply the above proposition to disjointness 
preserving operators. We recall the following facts. Suppose that E and F 
are complex Banach lattices. 
(1) The linear operator T is called disjointness preserving if f I g 
in E implies that Tf I Tg in F. If T is disjointness preserving and norm 
bounded, then T is order bounded, the absolute value 1 TI exists, satisfying 
) Tf ( = I TI (If ( ) for all f E E, and 1 TI is a Riesz homomorphism (see [ 1 ] 
and also [23]; use [20] for adaptation to the complex case). 
(2) If T: E + F is a Riesz homomorphism, then the adjoint 
T*: F* --t E* is a Maharam operator (see, e.g., [ 161). 
(3) Now assume in addition that E and F are Dedekind complete, 
and suppose that T: E + F is an order bounded linear operator such that 
I TI is an order continuous Maharam operator. Then there exists 7~ EZ(E) 
such that T = 1 TI 0 7~ and 1~1 = I. Indeed, writing T= T, + iT2, with T, and 
T, real operators (see [33, Sect. 921) we have IT,l, IT21 < ITI, and so it 
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follows from [ 18, Theorem 3.11 that there exist 7c1, 7c2 EZ(E) such that 
Ti=ITIo~~andI~~l~I(j=l,2).HenceT=IT(on.withII=rrI+i?r2.Now 
it is not difficult to see that 1711 = I on the carrier CIT, of 1 Tl. Setting n = I 
on the null ideal N, q, we obtain a desired rc E Z(E). 
THEOREM 3.10. Let E and F be complex Banach lattices such that E* is 
non-atomic. If T: E + F is a norm bounded disjointness preserving operator, 
then /3(T) 2 l/2 II T/I. 
Proof. As noted above, I TI exists and is a Riesz homomorphism. 
Hence, the adjoint ITI* is an order continuous Maharam operator. Since 
I T* 1 < 1 TI *, I T* 1 is an order continuous Maharam operator as well, and 
hence there exists 7c E Z( F* ) such that T* = 1 T* 10 rr and 1~1 = I. Further- 
more, E* satisfies the conditions of Corollary 3.9, so b( I T*l ) = II ( T*l I(. 
Since rr is an isometry in F*, we have /?( T*) = p( 1 T* I ) = II I T* 1 Il. Moreover, 
P(T)2 1/2/3(T*) (see [223), hence B(T)> l/2 IITII. 1 
Clearly, the condition that E* is non-atomic in the above theorem 
cannot be omitted. Indeed, the atoms in E* are precisely the real valued 
Riesz homomorphisms on E (see, e.g., [26, 11.4.4]), so any atom in E* 
gives rise to a rank one Riesz homomorphism from E into F. At present, 
however, we do not know an example of a Riesz homomorphism T: E + F, 
with E* non-atomic, for which /3(T) < 11 TII. In this connection we mention 
the following result, the proof of which goes along the same lines as the 
proof of Lemma 3.8. Let E and F be Banach lattices, such that E is non- 
atomic and has order continuous norm, and suppose that T is a Riesz 
homomorphism such that T(E) is the range of a contractive projection, 
then p(T) = 11 TII. In particular, in Lp( 1 <p < CO) or (c,), every closed 
sublattice is the range of a positive contractive projection (see, e.g., [ 15, 
Theorem l.b.8]), so that we can apply the above mentioned result with 
F= Lp( 1 <p < CC) or (c,,). 
The above theorem combined with Nussbaum’s formula for the essential 
spectral radius yields the following. 
COROLLARY 3.11. Let E be a complex Banach lattice with non-atomic 
dual space. If T is a norm bounded disjointness preserving operator in E, then 
red T) = rt T). 
Proof: If T is disjointness preserving, then T” is likewise disjointness 
preserving for all n = 1,2, ..,, and so, by the above theorem 
l/2 IIT”ll <p(T”)< 11 T”ll. Using the formulas for the spectral radii we get 
4 T) = resst T). 1 
Next we will discuss the relation between 11 Tll, b(T), and p(T) for dis- 
jointness preserving operators. First we recall some terminology. Let E be a 
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Banach lattice and suppose 1 dp < xj. As usual, we say that E satisfies a 
lower p-estimate if there exists a constant C, >O such that 
CC;= 1 Il”jllp)lip 6 cl IlIZ.,“= , ~~11 for all disjoint 0 <u,, . . . . U, E E (see, e.g., 
[ 15, Definition l.f.41). Note that E satisfies a lower p-estimate (with con- 
stant C,) if and only if there exists an equivalent lattice norm II .II, in E, 
which satisfies a lower p-estimate with constant 1, and /lfil < llfll, < 
C, llfll for allfc E. If E satisfies a lower p-estimate, then E has order con- 
tinuous norm. If there exists a constant Cz > 0 such that IIc;‘=, u/II < 
C,(x;=, llujll P)‘iP for all disjoint 0 < u,, . . . . U, E E then E is said to satisfy an 
upper p-estimate, and a similar renorming statement holds. If E satisfies an 
upper p-estimate for some 1 <p < (xj, then E and E* have order continuous 
norm. 
The following two lemmas will be used in the proof of the next theorem. 
LEMMA 3.12. Suppose that E is a non-atomic Banach lattice with order 
continuous norm. For an!’ 0 Q u E E there exist 0 <u,, u2 E E such that 
uI A u,=O, uI+u2=u, and JIu,II = IIuzll. 
Proof: First observe that if 0 < II’E E and 0 < a < jl~‘ll, then there exists 
a component z # 0 of ~1’ such that lIzI/ < c(. Indeed, since E is non-atomic, 
there exists a disjoint sequence ()v~};=, of components of IV such that 
H’, #O for all n. Now the order continuity of the norm implies that 
IItt’,,II + 0 (n + E ) (see, e.g., [33, Theorem 104.2]), and so there exists 117, 
with I( ~t’,Il 6 oz. 
Now take 0 <U E E and let V= (u E [0, u]: c component of u and 
[It’ll < IIu - ~‘11). By the order continuity of the norm, any chain in V has a 
supremum, hence V has a maximal element 0,. We assert that 
Ilt’,,II = /Iu - t’,,ll. Indeed, suppose on the contrary that llu,,II < IIu - u,,II and 
let c( = l/2( IIu - P,II - IIu,,,II ). By the above, there exists a component u0 #O 
of u - v, such that litloll < c(. Then P, + L’~ is a component of U, and it is 
easy to see that v, + o0 E V, contradicting the maximality of u,, 1 
LEMMA 3.13. Let E and F be Banach lattices with order continuous 
norms. Suppose that T is a Riesz homomorphism from E into F. If 0 < u E E 
and { o,,}~=, is a sequence of components of u such that tl, J 0, then 
II T(A,u,,) A ~‘11 -+ 0 as n + CC for any 0 < n)E F and any sequence {A,,}:=, 
in R+. 
Proof Let P, be the band projection in F onto the band { Tu,,}~~. Since 
P, M, = sup,(kTv,) A )v, it is clear that (A,, TV,) A u’ < P, M? for all n = 1, 2, . . . . 
Since F has order continuous norm, ,it is sufficient o show that P, w J. 0. TO 
this end, suppose that 0~ x < P,w for all n. Then 0 <X A (Tu) < 
(P,w) A (Tu)<(P,W) A (TU,)+(P,W) A T(u-0,). Now U,, A (U-U,)=0 
implies that (TV,,) A T(u - u,) = 0, and so ( Pnw) A T(u - u,) = 0. Therefore, 
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0 < x A ( Tu) < (P, ,c) A ( Tu,,) < TV,, for all n. Furthermore, v, 10 in E and 
so, by the order continuity of the norm in E, Tz,,, JO in F, hence 
x A (Tu)=O. Since 06 u, < u, this implies that x A (TV,) =0 and so 
P,.u = 0 for all n. Now it follows from 0 d x d P,w that x = 0. [ 
THEOREM 3.14. Let E and F be complex Banach lattices, E non-atomic 
and F with order continuous norm. Suppose that there exists 1 <p < <xi such 
that E satisfies a lower p-estimate (with constant C,) and F satisfies an upper 
p-estimate (with constant C,). If T is a norm bounded disjointness preserving 
operator from E into F, then (1 TII 6 C, C,p( T). 
Proqf: It follows from / rf:fl = I Tl (If ) f or allfE E that II TII = I/ / TI II and 
p(T) = p( 1 TJ ), and therefore we may restrict ourselves to real Banach lat- 
tices and assume that T is a Riesz homomorphism. First renorm E and F 
such that the lower and upper p-estimate constants are both 1. Given E > 0 
there exists 0 6 u E B, such that II Tull z 11 TI( - E. By Lemma 3.12 there exist 
u,,u,~[O,u] such that u=u,+u~, uI A uZ=O and llu,ll = I(uZI(. Then 
Ilull d(llu,llp+ Il~,ll~)~‘~, so IIu,II = IIu21/ <2pL.‘p Ilull. Since T is a Riesz 
homomorphism we have (Tu, ) A ( Tuz) = 0, so ( I( Tu,ll p + I( Tu,(l p)‘,p > 
I/ Tul( and hence there exists ui (i = 1 or 2) such that II TuJ 3 2-“p II Tull. We 
thus have shown that there exists a component U, of u such that llt~,II < 
2 ’ p jlull and 11 TK, II 2 2 ’ p II Tull. Repeating the argument we obtain a 
sequence u 2 P,,J 3 0 of components of u such that IIu,II < 2 -n’p IIuI( and 
I/ Tc,,ll 3 2 PnP II Tull B 2 -‘Ip( II Tlj -E). Note that Ilunll 10, so u,, 10 in E. Now 
take 6 > p(T), then there exists 0 d IV E F such that II ( I Tfl - w)’ I/ d 6 for all 
,fE B,. Then 
11 TII - E < 11 T(2”,pt7,,)ll < 1) T(2”‘po,,) A IVII + II ( T(2”!pu,) - w) + II. 
Now I12n,P~,II < Ilull < 1, so )I (T(~“!“u,) - it’)+ )I d 6 for all n, and it follows 
from Lemma 3.13 that IIT(2”ipu,) A ~‘11 +O as n + CC. This shows that 
/I TII -E < 6. This holds for all 6 >p( T) and all E > 0, so I( TII d p(T) and 
hence p(T) = II TII. Taking the renorming of E and F into account we get 
II TII G C, C,P( T). I 
The following corollary was obtained by a different method by L. WeiS 
[ 13, Theorem 4.3 and Example 4.43. 
COROLLARY 3.15. Suppose that E = L, on some non-atomic measure 
space and 1 <p < tw. If T is a norm bounded disjointness preserving operator 
in E, then II TII = p(T) = B(T). 
Note that the above results, combined with Theorem 2.3, yield formulas 
for the norm of disjointness preserving operators. In the next example we 
show that the conditions on the norms in Theorem 3.14 cannot be omitted. 
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EXAMPLE 3.16. Let 1 <p < q < ocj and define the operator T from 
&CO, I] @ L,[O, 1 ] into itself by T(f@g) = g 0 0. Clearly, T is a Riesz 
homomorphism and 11 TII = 1. Since the unit ball in L,[O, I] is almost order 
bounded in L,[O, 11, we have p(T) = 0 (this follows also from the formulas 
in Theorem 2.3). 
It follows immediately from Corollary 3.15 that if E = L, (1 <p < co) on 
a non-atomic measure space, and if 0 < S < T: E + E, with S a Riesz 
homomorphism, then /3(S) < fi( T). In view of Proposition 3.3, this implies 
that ress( T) belongs to o,,,(T) for any Riesz homomorphism T on such a 
space E. We will show next that the latter result holds in fact for a much 
larger class of Banach lattices. First the following observation. 
PROPOSITION 3.17. If E is a complex Banach lattice and 0 < TE Y(E) is 
such that ress( T) = r(T), then r(T) E oess( T). 
Proof: Suppose that r = r(T) $ oess( T), then r is a Fredholm point of T. 
Since rE da(T) this implies that r is a pole of the resolvent R(i, T) with 
finite rank residue (see, e.g., [9, Sects. 50 and 513). Now it follows from a 
result in [26, V.5.51 that all points in o(T) n {A: (II = r} are poles of 
R(A, T). Moreover, a close inspection of the proof of this theorem shows 
that the residues in these points have finite rank, and hence all points of 
a(T)n {A.: 111 =r} are Fredholm points of T. This implies that 
ress( T) < r(T), which is a contradiction. 1 
Combining the above proposition with Corollary 3.11 we obtain the 
following result. 
COROLLARY 3.18. If E is a complex Banach lattice with non-atomic dual 
space, then r(T) E a,,,(T) for any Riesz homomorphism in E, 
We end the paper by mentioning another property of the (essential) 
spectrum of disjointness preserving operators in Banach lattices with non- 
atomic dual space, which can be derived from the following lemma. 
LEMMA 3.19. Let E be a non-atomic complex Banach lattice and let 
0 < TE Y(E) be a Maharam operator. Then dim N(T) = 0 or a~. 
Proof. We may assume that E is real. Suppose that N(T) # {0}, then 
Tf = 0 for some f # 0, so Tf + = Tf -, First assume that Tf + = Tf - = 0, 
then T If 1 =0, and hence the ideal generated by f is contained in N(T). 
Since E does not contain atoms, this implies that dim N(T) = co. Now 
assume that Tf + = Tf - > 0. Since E is non-atomic, there exist non-zero 
disjoint elements g,,E [0, Tf ‘1 = [O, Tf -1 (n = 1, 2, . ..). Since T is a 
Maharam operator, there exist 0 < u, <f + and 0 < v, <f - such that 
Tu, = TV, = g, (n = 1,2, . ..). Now define f, = U, - v,, then Tffl = 0 for all n. 
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Since g, I g, (n # m), we have u,, I U, and u,, I u, (n #m), and further- 
more u, I u, for all n, m. Hence f, If, for all n # m, which implies that 
(fn};=, is a linearly independent system in N(T), so dim N(T) = 00. 1 
PROPOSITION 3.20. Let E be a complex Banach lattice with non-atomic 
dual space, and let T be a norm bounded disjointness preserving operator in 
E. Then 0 E a( T) if and on1.v if 0 E oess( T). 
Proof: Since T is norm bounded and disjointness preserving, 1 TI exists 
and is a Riesz homomorphism. Then 1 TI * is an order continuous Maharam 
operator, and since 1 T*l < 1 TI *, it follows that 1 T*l is order continuous 
and Maharam. Hence, there exists rc E Z(E*) such that T* = I T*lo 71, 
llcl = I. Since 71 is an isometry, this implies that dim N( T*) = dim N( I T*(), 
and so by the above lemma, dim N( T*)=O or cc. Furthermore, 
ITfl = I TI (If]) for all f~ E, and hence N(T) = N( I TI), is an ideal in E. 
Evidently, E is non-atomic, so dim N(T) = 0 or co. Now the statement of 
the proposition is clear. 1 
Remarks. Let E = L, (1 bp d cc ) on some non-atomic measure space 
(X, ,?I, p) and let T be a weighted composition operator in E, i.e., 
Tf(x) = a(x)f(a(x)) p-a.e., where a is a p-measurable function and 0 is a 
null preserving transformation in X. It follows immediately from 
Lemma 3.19 that the closure of the range of T has zero or infinite codimen- 
sion. In case p = 2 and a(x) = 1, this was shown by D. J. Harrington [8]. 
For p =2 and X= [0, l] with Lebesgue measure, the result of 
Proposition 3.20 was proved by A. Kumar in [ 131. 
Furthermore we note that if T is the left shift in I,, then 0 E a(T) whereas 
0 # o,,,(T), which shows that the conclusion of Proposition 3.20 is false in 
the presence of atoms. Finally, if E is a complex Banach lattice and 
rc E Z(E), then iI- 71 is disjointness preserving for all 1 E C, and therefore, if 
E* is non-atomic, then Proposition 3.20 shows that a(~) = c,,,(n). This 
result was proved by the second author in [28, Theorem 1.111. 
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